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Abstract 
A stall inception model for transonic fan/compressors is presented in this paper. It can be shown that under some assumptions 
the solution of unsteady flow field consists of pressure wave which propagates upstream or downstream, vortex wave and en-
tropy wave convected with the mean flow speed. By further using the mode-matching technique and applying the conservation 
law and conditions reflecting the loss characteristics of a compressor in the inlet and outlet of the rotor or stator blade rows, a 
group of homogeneous equations can be obtained from which the stability equation can be derived. Based on the analysis of the 
unsteady phenomenon caused by casing treatments, the function of casing treatments has been modeled by a wall impedance 
condition which has been included in the stability model through the eigenvalues and the corresponding eigenfunctions of the 
system. Besides, the effect of shock waves in cascade channel on the stability prediction is also considered in the stall inception 
model. Finally, some numerical analysis and experimental investigation are also conducted with emphasis on the mutual com-
parison.  
Keywords: stability model; rotating stall; stall inception; transonic compressor; unsteady flow 
1. Introduction1 
Considerable work was done in the past decades on 
investigating the phenomenon of rotating stall in axial 
flow compressors. These studies focused on two major 
respects. The first respect mainly puts emphasis on the 
prediction of propagation speed and number of stall 
cell, the study of non-linear development of stall cell 
and the numerical simulation, measurement of the 
structure of stall cell and so on. The second is about 
the investigations related to the inception condition of 
rotating stall. Especially the latter has become increa- 
singly important since the concept of active control of 
rotating stall and surge was put forward [1-4]. The study 
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about the precursor and inception condition of rotating 
stall has thus become one of the important subjects in 
recent theoretical and experimental research work of 
compressor stability. However there are many impor- 
tant problems still to be overcome. Firstly, how to 
understand the effect of the shock waves in transonic 
compressors on the generation and development of 
rotating stall is still a problem unsolved in the existing 
theoretical models. Secondly, in the design stage of a 
fan/compressor, its performance like the characteristic 
line is usually obtained on the basis of steady compu- 
tational fluid dynamics (CFD) calculation or other 
empirical methods, and how to apply the stability 
model to check the stall inception point of the charac- 
teristic line in order to relatively accurately determine 
stall margin is also a problem of common interest for 
turbomachinery designers. In addition, what role the 
wall boundary condition plays in the change of stall 
inception is still lack of convincing conclusions. It is 
believed that any relevant progress for this aspect may 
result in a better understanding of some casing treat- 
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ments. Obviously, to gain insight into these problems, 
a transonic flow stability model including these factors 
is needed.  
In general, there are two different kinds of work to 
study the stall inception in compressors. One is to 
describe the compressor stability as an eigenvalue 
problem, while the stability can be judged by the 
imaginary part of the corresponding eigenvalues. The 
other is to directly solve Euler or Navier-Stokes equa- 
tions as an initial boundary value problem to obtain the 
information related to the inception condition [5-9]. The 
latter’s advantage is that this type of work can include 
the effect of more aerodynamic and geometrical 
parameters on the physical phenomena involved than 
the eigenvalue approach. However, there are no 
common rules to be followed about how to introduce 
the initial perturbations outside or inside the compu- 
tational domain to stimulate the stall inception or 
precursor. Therefore whether or not one can obtain a 
rapid and reliable result about the stall inception along 
the way will strongly depend on researcher’s 
experience and an affordable computational cost to a 
great extent. On the other hand, it is noted that for a 
dynamic system, its stability will depend on the 
response to a small perturbation outside the system. 
Mathematically, what one should do for this kind of 
analysis is to solve the corresponding eigenvalue 
equation in order to judge whether the system is stable 
or not. In fact, we can see that most of earlier work in 
the studies of the stall inception was to establish 
various eigenvalue models. Besides, the development 
of eigenvalue models in a compressible system has 
experienced a different stage since the 1970s. Nenni 
and Ludwig [10] extended the channel flow theory 
presented by Sears [11] so as to include the effects of 
more aerodynamic and geometrical parameters of 
compressor rotors. Their work also resulted in an 
analytical expression for the inception condition of 
rotating stall. The work was soon extended to two- 
dimensional compressible flow case but no relevant 
numerical results were reported in Ref. [12]. Greitzer [13] 
and Moore [14-15] presented a stability model of 
compressor system in different approaches. The model 
can not only be used to predict the inception condition 
of stall and surge but also to study the non-linear 
development of stall cells [16]. In recent years, the 
compressible flow stability model of rotating stall in 
multi-stage compressors is also investigated based on 
solving linearized Euler equations [17-18]. Furthermore, 
to authors’ knowledge, there were some attempts to set 
up three-dimensional stability model of compressors in 
the previous work. Ludwig and Nenni developed a 
three-dimensional incompressible flow stability model 
of rotating stall but not any numerical results were 
presented in Ref. [12]. Takata and Nagashima [19] 
studied the rotating stall in three-dimensional blade 
rows with emphasis on the effects of non-uniform flow 
or shear flow on the stall inception. Besides, 
Gordon [20] presented a three-dimensional incompres- 
sible stability model in annular domain to study the 
inception of rotating stall in compressors. These 
investigations fully show the progress in how to 
include three-dimensional effect in the stability model 
of fan/compressors. However, these models are still 
lack of the connection with the change of wall bound- 
ary condition, naturally being incapable of handling 
how the wall boundary condition affects the inception 
and evolution of the stall precursor. Besides, the effect 
of shock waves in a transonic compressor has not yet 
been found in the existing eigenvalue models. 
In the present study, we first simplify the real 
annular cascade as a liner cascade with tip and hub 
plates. The shortcomings of this simplification are to 
neglect the effect of centrifugal forces and radial 
steady flow in the cascade channel on the stability, 
while the advantages is to include the effect of three- 
dimensional perturbations on the stability. It is also 
noted that such simplification could be found in 
different applications for turbomachinery [19,21-22]. In 
particular, the present three-dimensional model is 
obtained by the following steps. First, the flow can be 
assumed to be small perturbation since emphasis is 
placed on the inception condition of rotating stall. So 
the flow fields can be described by three-dimensional 
compressible linearized Euler equations. Under the 
conditions of uniform flow, the equations can be 
solved in three different regions, i.e. upstream and 
downstream fields of cascade, cascade field with three- 
dimensional semi-actuator disk approximation [22-23], 
and each flow region is solved separately to satisfy the 
boundary conditions at both tip and hub walls. It can 
be shown that the solution consists of pressure wave 
which propagates upstream or downstream, vortex 
wave and entropy wave convected with the mean flow 
speed. By further using the mode-matching tech- 
nique [24-26] and applying the conservation law and 
conditions reflecting the loss characteristics of a 
compressor in the inlet and outlet of the rotor or stator 
blade rows, a group of homogeneous equations will 
yield from which the stability equations can be 
obtained. In addition, when there are shock waves in 
cascade channel, a normal shock wave model [27] is 
used to be included in the stability model with 
emphasis on its effect of various wave reflections. It is 
well known that the solution of eigenvalue equation is 
extremely difficult even though you have derived the 
stability equation for stall inception. Nyquist stability 
criterion may be used to judge whether there is a mea- 
ningful eigenvalue but it cannot be used to determine 
its exact value, such as unsteady frequency. With the 
development of complex function theory in recent 
decades, a new method called winding number integral 
approach was applied to determine the roots of 
dispersion equations [28-29], which shows great poten- 
tials over the existing methods. In this study, we have 
investigated how to extend the winding number 
integral approach to be suitable for the present stability 
equations in matrix form. 
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On the basis of the present model, we have carried 
out various stability predictions for both subsonic and 
transonic fan/compressors. Especially, we have also 
made the relevant experimental investigation, which 
shows that a reasonable stability prediction for fan/com- 
pressors can be realized using either the experimental 
data (characteristics and losses, et al.) or calculating 
data from CFD. In the following text, we will first 
introduce how to derive the model and then the 
relevant numerical studies to the model are presented. 
2. Theoretical Model of Stall Inception 
2.1. Analytical solutions of basic equations in an 
unbladed region 
As shown in Fig. 1, a linear cascade of blades is 
modeled by the three-dimensional semi-actuator disk 
composed of flat-plate airfoils with chord length c, 
spacing s and stagger angle θ. The x, y and z represent 
axial, circumferential and radial coordinates, respect- 
tively. This model assumes that the flow disturbances 
have wave lengths in its circumferential direction 
which are large compared with the blade spacing. 
There is no restriction upon the ratio of blade chord 
length to wave length. A compressible, inviscid, non- 
heat-conductive uniform flow is considered. As to 
casing walls, the hub side (z=0) is assumed rigid while 
the tip side (z=h, where h is the radial blade height) is 
assumed to have a finite acoustic impedance. 
 
Fig. 1 Schematic of a compressor stage unwrapped in 
circumferential direction. 
The governing equations for a small disturbance 
problem are the linearized Euler equations as follows, 
which reflect the conservation relations for mass, 
momentum, and energy. 
0 0
u v wU V
t x y x x z
ρ ρ ρ ρ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞+ + + + + =⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠  (1) 
0
1u u u pU V
t x y xρ
∂ ∂ ∂ ∂+ + = −∂ ∂ ∂ ∂        (2) 
0
1v v v pU V
t x y yρ
∂ ∂ ∂ ∂+ + = −∂ ∂ ∂ ∂        (3) 
0
1w w w pU V
t x y zρ
∂ ∂ ∂ ∂+ + = −∂ ∂ ∂ ∂        (4) 
0 0
1 0p p p kU V U V
p t x y x x z
ρ ρ ρ
ρ
⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞+ + − + + =⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠
 (5) 
where p, ρ, u, v and w are pressure, density, axial 
velocity, circumferential velocity and radial velocity, k 
the specific heat ratio. p0, ρ0, U and V represent 
corresponding mean flow parameters. From Eqs. (1)- 
(5), it can be shown that fluctuating variables related to 
pressure will satisfy the wave equation in the form of 
2 2 2
2 2
2 2(1 ) 2 (1 )x x y y
p p pMa Ma Ma Ma
x yx y
∂ ∂ ∂− − + − +∂ ∂∂ ∂  
2 2 2 2
2 2 2
0 00
221 0yx
MaMap p p p
a x t a y tz a z
∂ ∂ ∂ ∂− − − =∂ ∂ ∂ ∂∂ ∂  (6) 
where Max and May are axial and circumferential Mach 
numbers, a0 the sound speed. 
Assume that solution of Eq. (6) is  
i( )( , , , ) ( ) ( )e m y tm m
m
p x y z t p x z β ωψ+∞ +
=−∞
= ∑      (7) 
where m is the circumferential mode number, or 
ordinal number of harmonic, βm the circumferential 
wave number, ψm(z) the radial eigenfunction, ω the 
eigenfrequency of the system. According to periodic 
condition it can be shown that βm can be expressed as  
m
m
m
r
β =                   (8) 
where rm is the mean radius length. Obviously the wall 
boundary condition shown in Fig. 1 will result in 
( ) cos ( )m z kzψ =                (9) 
for a hard wall condition 
0,
( )
0m
z z h
z
z
ψ
= =
∂ =∂             (10) 
So the radial wave number kn for hard wall can be 
solved as  
( 1) ( =1, 2, )n
nk n
h
− π= L         (11) 
where n is the radial mode number. A boundary condi- 
tion [30-31] for “soft” wall was verified to satisfy  
2
0
0 0
i 1 0z x y
z h
p A k Ma Ma p
z k k
α β
=
⎛ ⎞∂ ± + + =⎜ ⎟∂ ⎝ ⎠
  (12) 
where Az is the acoustic admittance of the wall and α is 
the axial wave number, while k0=ω/a0. 
Besides, it should be pointed out that the modeling 
of the admittance caused by the casing treatment 
covered with perforated plates or slots may be carried 
out on the basis of the existing vortex-sound (pressure 
wave) models [31-39]. 
In general the radial wave number which is obtained 
by solving the above equation will be related to the 
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circumferential wave number βm. For an appointed βm, 
there will be a group of eigenvalues that can be 
expressed as kmn(n=1, 2,…). So for the most general 
case, Eq. (7) can be expressed as 
i( )
1
( , , , ) ( ) ( )e m y tmn mn
m n
p x y z t p x z β ωψ+∞ +∞ +
=−∞ =
= ∑ ∑   (13) 
Substituting Eq. (13) into Eq. (6) yields 
(
)
i ( )
1
i ( ) i( )
( , , , ) ( )e
( )e e
j j
mn
j j
mn m
x xj j j
mn mn
m n
x x y tj j
mn mn
p x y z t p z
p z
α
α β ω
ψ
ψ
+
−
+∞ +∞ −+ +
=−∞ =
− +− −
= +∑ ∑
(14)
 
where two axial wave numbers are  
2 2 2 2
2
(1 )( ( ) )
1
j
x y y x m mnj
mn
x
Ma k k Ma k
Ma
βα
−
− + − − += −  (15) 
2 2 2 2
2
(1 )( ( ) )
1
j
x y y x m mnj
mn
x
Ma k k Ma k
Ma
βα
+
+ − − − += −  (16) 
0
y y mk Ma a
ωβ= +            (17) 
where mnp  is the wave amplitude and x 
j is axial 
coordinate for an arbitrary reference plane, and “+j” 
and “− j” represent the waves traveling downstream 
and upstream from the plane xj, respectively.  
2.1.1. Vortex wave 
Since the vortex wave will not cause the pressure 
variation, the solutions related to vortex mode can be 
given by the homogeneous form of Eqs. (2)-(3), It has 
been noted that fluctuating radial velocity w is 
composed of two parts: one is the contribution by the 
pressure wave wp and the other is by the vortex wave 
wv. Since the wave lengthes of the pressure wave and 
the vortex wave are different from each other, wv can 
be shown not to contribute to the left hand side of 
Eq. (12). For this reason [22], wv is concluded to satisfy 
the following condition on the non-rigid wall 
v 0,| 0z z hw = = =               (18) 
The corresponding solutions for the homogeneous 
form of Eqs. (2)-(3) are 
i ( ) i( )
v v v
1
( , , , ) ( )e e
j
jm
j
m
V
x x y tj j j U
mn mn
m n
u x y z t u z
ω β
β ωψ
++∞ +∞ − − ++ +
=−∞ =
= ∑ ∑
(19) 
 
i ( ) i( )
v v v
1
( , , , ) ( )e e
j
jm
j
m
V x x y tj j j U
mn mn
m n
v x y z t v z
ω β
β ωψ
++∞ +∞ − − ++ +
=−∞ =
= ∑ ∑
 (20) 
 
i ( ) i( )
v v v
1
( , , , ) ( )e e
j
jm
j
m
V x x y tj j j U
mn mn
m n
w x y z t w z
ω β
β ωφ
++∞ +∞ − − ++ +
=−∞ =
= ∑ ∑
(21) 
where v
j
mnu
+ , v
j
mnv
+  and v
j
mnw
+  are the wave amplitudes, 
the eigenfunctions are 
v v( ) cos( ) 
j j
mn mnz k zψ + +=           (22) 
v v( ) sin( )
j j
mn mnz k zφ+ +=            (23) 
2.1.2. Entropy wave 
Since the entropy and the vorticity are related by 
Crocco’s theorem, there must be the solution of the 
entropy wave with the solution of the vorticity wave 
inside the gap and blade row. It can be shown that the 
entropy wave relates to a density fluctuation, or, to 
temperature fluctuation since no pressure fluctuation is 
accompanied by this wave. So according to energy 
equation, the density related to entropy variation will 
be determined by the equation: 
0U V
t x y
ρ ρ ρ∂ ∂ ∂+ + =∂ ∂ ∂           (24) 
Further the walls are assumed to be adiabatic to 
such fluctuation, so the adiabatic condition of boun- 
dary walls is described as 
0,
0
z z h
T
z = =
∂ =∂              (25) 
where T is the temperature.  
The solution of Eq. (24) is 
v ( , , , )
j x y z tρ =  
i ( ) i( )
v v
1
( )e e
j
jm
j
m
V x x y tj j U
mn mn
m n
z
ω β
β ωρ ψ
++∞ +∞ − − ++ +
=−∞ =
∑ ∑  (26) 
where vmnρ  is the wave amplitude. With the above 
basic solutions, it is shown below. 
The fluctuating density is 
(
)
i ( )
2
1 0
i ( )
1( , , , ) ( )e
( )e
j j
mn
j j
mn
x xj j j
mn mn
m n
x xj j
mn mn
x y z t p z
p z
α
α
ρ ψα
ψ
+
−
+∞ +∞ −+ +
=−∞ =
−− −
⎡= − +⎢⎣
+
∑ ∑
mi ( ) i( )
v v ( )e e
j
j
j
m
V x x y tj j U
mn mn z
ω β
β ωρ ψ
+− − ++ + ⎤⎥⎥⎦
    (27) 
The fluctuating axial velocity is 
i ( )
1 0
i ( )
v
( , , , )
e1 ( )
e
( )
j j
mn
j j
mn
j
x xj j
jmn mn
mnj j j j
m n mn m
x xj j j j
jmn mn mn m
mnj j j j
mn m m
u x y z t
p
z
U V
p v U
z
U V V
α
α
α ψρ ω α β
α βψω α β ω β
+
−
−+ ++∞ +∞ +
+=−∞ =
−− − +
−
−
=
⎡ ⎛⎢− +⎜⎜ + +⎢ ⎝⎣
⎞ ⎛+ −⎟ ⎜⎜⎟+ + +⎝⎠
∑ ∑
i ( )v
v
i
( )e
j
m j
j
Vj j j x xjmn mn U
mnj
m
w k U
z
V
ω β
ψω β
++ + − −+
⎤⎞ ⎥⎟ ⎥⎟+ ⎠ ⎥⎦
· 
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i( )e m y tβ ω+               (28) 
The fluctuating circumferential velocity is 
i ( )
1 0
i ( )
( , , , )
e1 ( )
e
( )
j j
mn
j j
mn
j
x xj j
jmn mn
mnj j j j
m n mn m
x xj j
jmn mn
mnj j j
mn m
v x y z t
p
z
U V
p
z
U V
α
α
β
ρ ω α β
β
ω α β
ψ
ψ
+
−
−+ ++∞ +∞ +
+=−∞ =
−− −
−
−
=
⎡ ⎛⎢− +⎜⎜ + +⎢ ⎝⎣
⎞ +⎟⎟+ + ⎠
∑ ∑  
i ( ) i( )
v v ( )e e
j
jm
j
m
V x x y tj j U
mn mnv z
ω β
β ωψ
+− − ++ +
⎤⎥⎥⎥⎥⎦
    (29) 
The fluctuating radial velocity is 
i ( )
1 0
i ( )
( , , , )
e1 ( )
e ( )
j j
mn
j j
mn
j
x xj j
jmn mn
mnj j j j
m n mn m
x xj j
jmn mn
mnj j j
mn m
w x y z t
p k z
U V
p k z
U V
α
α
ρ ω α β
ω α β
φ
φ
+
−
−+ ++∞ +∞ +
+=−∞ =
−− − −
−
=
⎡ ⎛− +⎢ ⎜⎜ + +⎢ ⎝⎣
⎞ +⎟⎟+ + ⎠
∑ ∑  
i ( ) i( )
v v ( )e e
j
jm
j
m
V x x y tj j U
mn mnw z
ω β
β ωφ
+− − ++ + ⎤⎥⎥⎦
    (30) 
The eigenfunctions of radial velocity are different 
from the others because the radial component of 
velocity must be zero at the hard wall. It is obtained 
from Eq. (4)  
v( ) ( ) sin( )
j j j
mn mn mnz z k zφ φ± ± ±= =           (31) 
There is no difference between +  jmnk and 
j
mnk
− under 
the condition of hard wall. 
2.2. Analytical solutions of basic equations in a 
bladed region 
First, it is assumed that cascade can be simplified as 
three-dimensional semi-actuator disk. This means that 
in the cascade the main flow is considered to be 
one-dimensional, or to be channel flow, which has 
radial fluctuating velocity component and chordwise 
fluctuating velocity component but no circumferential 
fluctuating velocity component in the channel of 
blades. 
Besides it should be noted that the phase change of 
the wave motion in the cascade direction must coin-
cide with that in the upstream or downstream flow. 
There the perturbation waves in the channel can be 
expressed in the form ci( )e mn mt+ x yω α β ′+  with the phase 
factor ie m yβ ′ . Further, if moving blade fixed coordi-
nates are used, i.e. y=y′−Ω rmt (y' is the rotating coor-
dinate, and Ω the rotating frequency), then the waves 
in the channel can be expressed in the form of 
ci[( - ) + + ]e mn mm t x yω Ω α β ′ . Under these conditions the solu-
tion for bladed region can be obtained. But it is noted 
that these solutions have similar character like those 
solutions in unbladed regions. For each harmonic 
wave or single modes of all perturbation quantities, 
there are also four coefficients c
k
mnp
+ , c
k
mnp
− , cvmnw  and  
cv
k
mnρ + , which represent acoustic modes, vortical mode 
and entropy mode, respectively. There is only one 
coefficient for vortical mode due to one-dimensionality 
of the mean flow in the blade passage. Under these 
conditions, the fluctuating equations are shown below. 
The fluctuating pressure is  
c ( , , , )
kp x y z t′ =   
(
)
c
c
i ( )
c c
1
i ( ) i( )
c c
( )e
( )e + e
k k
mn
k k
mn m
x xk k
mn mn
m n
x x m t yk k
mn mn
p z
p z
α
α ω Ω β
ψ
ψ
+
−
+∞ +∞ −+ +
=−∞ =
′− − +− −
+∑ ∑
 
(32) 
The fluctuating density is 
(
)
c
c
c
i ( )
c c2
1 0
i ( )
c c
( , , , )
1 ( )e
( )
( )e
k k
mn
k k
mn
k
x xk k
mn mnk
m n
x xk k
mn mn
x y z t
p z
a
p z
α
α
ρ
ψ
ψ
+
−
+∞ +∞ −+ +
=−∞ =
−− −
′ =
⎡ +⎢⎣
+
∑ ∑  
c
c
sin
i
cos i( )
cv cv ( )e e
k k
m
k k
m
W m x
W m t yk k
mn mn z
β θ ω Ω
θ ω Ω βρ ψ
+ −− ′− ++ +
⎤⎥⎥⎦
 
(33) 
The fluctuating chordwise velocity is 
c
c
c
i ( )
c c
c
1 0 c c
i ( )
c c cv cv c
c
c c
( , , , )
e1 ( )
e i
( )
k k
mn
k k
mn
k
x xk k
kmn mn
mnk k k
m n mn
x xk k k k k
kmn mn mn mn
mnk k
mn
q x y z t
p
z
m W
p w k W
z
mm W
α
α
α ψρ ω Ω α
α ψ ω Ωω Ω α
+
−
−+ ++∞ +∞ +
+=−∞ =
−− − + +
−
−
′ =
⎡ ⎛⎢ +⎜⎜ − +⎢ ⎝⎣
⎞ −⎟⎟ −− + ⎠
∑ ∑
·
 
c
c
sin
i ( )
cos i( )
cv ( )e e
k k
km
k k
m
W m x x
W m t yk
mn z
β θ ω Ω
θ ω Ω βψ
+ −− − ′− ++
⎤⎥⎥⎥⎥⎦
 (34) 
where W is the relative inflow velocity. 
The fluctuating radial velocity is  
c ( , , , )
kw x y z t′ =  
ci ( )
c c
c
1 0 c c
e1 ( )
k k
mn x xk k
kmn mn
mnk k k
m n mn
p k
z
m W
α
φρ ω Ω α
+ −+ ++∞ +∞ +
+=−∞ =
⎡ ⎛⎢ +⎜⎜ − +⎢ ⎝⎣
∑ ∑  
ci ( )
c c
c
c c
e
( )
k k
mn x xk k
kmn mn
mnk k
mn
p k
z
m W
α
φω Ω α
− −− −
−
−
⎞ −⎟⎟− + ⎠
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c
c
sin
i ( )
cos i( )
cv cv ( )e e
k k
km
k k
m
W m
x x
W m t yk k
mn mnw z
β θ ω Ω
θ ω Ω βφ
+ −− − ′− ++ +
⎤⎥⎥⎦
 
(35) 
It is verified that  
(c c 01 sin ( )cosk k kmn mk Ma m aα β θ ω Ωθ± ⎡= − + −⎣ m  
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(36) 
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where Mac is the bladed region Mach number. The 
radial eigenfunctions are  
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          (39) 
2.3. Stability equation for subsonic flow 
The coefficients of perturbation wave in the bladed 
and unbladed regions need to be coupled via the 
boundary conditions at the leading edge and trailing 
edge of the blade. 
The boundary conditions of blade row inlet are to be 
applied to the blade reference frame.  
(1) Mass conservation 
0 0c( ) cos
j j j j k k k k kU u W qρ ρ ρ ρ θ+ = +    (40) 
(2) Relative total temperature conservation 
ˆ ˆj kT T′ ′=                 (41) 
where Tˆ ′  is the relative total temperature. By using 
state equation p=ρRT, it is easy to change ˆ jT ′  and 
ˆ kT ′  into the variables related to fluctuating pressure 
and density. 
(3) Continuity of radial velocity 
j kw w=                 (42) 
(4) Relative total pressure loss characteristics 
The total pressure loss is assumed to occur at the 
leading edge of the blade. This relation is matched 
through the relative total pressure loss coefficient ξ 
which is assumed given by ξ k= qs 1tank jξ β  in a 
quasi-steady manner as a function of the inlet relative 
flow angle β1. 
t t
2( ) / 2
j k
k
j
p p
W
ξ −=                (43) 
qs
1
( )
tan
k
k
j
ξξ β
∂′ = ∂               (44) 
where pt is the relative total pressure loss. The 
first-order lag equation is used herein to find the dy-
namic loss response in the form of  
loss qs
k
k k
t
ξτ ξ ξ∂ = −∂            (45) 
where τloss is the time lag. The time lag used in this 
work is set to be the time for the convected flow pass-
ing through the blade row. Then it is shown that the 
total pressure loss relation is  
2
1
t t
loss
2
0 0
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1 i 2
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j
k j k j
j
k j j j j j k j
j
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1( tan ( ))
j j jv uβ ⎤− ⎥⎦            (46) 
On the trailing edge plane, the conservation of mass 
flow and total enthalpy flow are imposed. In principle, 
the outlet flow angle from the blade row is generally 
given as a function of the inlet flow angle and the 
spanwise position. For simplicity it is assumed here 
that outlet flow angle β2 is independent of inlet flow 
angle β1, and its value is set to be the cascade stagger 
angle θ. Then the three components of the velocity, 
static pressure and density are continuous, so we have 
five equations at the outlet of blade row.  
The leading edge and trailing edge boundary condit- 
ions arise nine equations for each blade row and two 
connected unbladed regions. However, these boundary 
conditions are not sufficient to determine all the 
coefficients or the frequency of the precursor wave, 
which means that boundary conditions at the inlet and 
outlet of a compressor are needed. This section will 
illustrate how to close the obtained equations by taking 
a single blade row as an example. 
First, there is no coupling between each circumfe- 
rential harmonic wave. We will therefore restrict our 
consideration to a particular circumferential mode 
number “m”. Assuming limited radial mode number 
“N” is in consideration, then there are 5N unknown 
coefficients in description of the upstream and 
downstream flow fields in the blade row and 4N 
unknowns in the description of the flow region of the 
blade row itself. Furthermore, it is noticed that the 
eigenfunctions are cos (kmnz) and sin (kmnz), so if each 
equation is multiplied by cos (kmvz)(v=1, 2, …) or 
sin (kmvz)(v=1, 2, …), the nine equations could be 
decoupled to 9N equations by using the orthogonality 
of trigonometric functions. In these equations, each 
nine equations, which contain just one radial mode, are 
linearly independent from each other. 
Assume that there are no inlet disturbances caused 
by entropy or vortex and no reflection, then inlet 
condition yields 
v
v v
0, 0
0, 0
j j
mn mn
j j
mn mn
p
v w
ρ− +
+ +
⎧ = =⎪⎨ = =⎪⎩
           (47) 
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For the outlet of the blade row, assuming that there 
is no reflection, so 
( 1) 0jmnp
+ + =               (48) 
By using the five conditions, it is shown that the 
eigenvalue equation can be derived as 
1 1
1 2 0
m m
m m
mN mN
⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
O M
G D
G D
G D
   (49) 
where Gmn and Dmn are 
1,1 1,2 1,5
4,1 4,2 4,5
5,2 5,5 5,6 5,9
9,2 9,5 9,6 9,9
T1 1 2 2
c v v
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C C C
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C C C C
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  Eq. (49) is a closed equation. Since it is a homogen- 
eous equation, a non-trivial solution exists if 
det( ( )) 0mn ω =G             (51) 
The obtained ω by solving this equation is a 
complex variable, the imaginary part of which repre- 
sents whether the system is stable with positive value 
or unstable with negative value, and the real part of 
which determines the perturbation frequency of the 
precursor wave. 
2.4. Stability equation for transonic flow 
Semi-actuator disk model usually assumes that there 
is one mean uniform flow within the channel of blade 
passage. This assumption is basically acceptable in 
most cases related to incompressible or high subsonic 
compressible flow. However, for transonic fan/com- 
pressors, our investigation shows that the compressible 
stability model would fail to predict the onset point of 
rotating stall if the role of shock waves in cascade is 
only included in the model in the form of shock loss 
instead of considering the effect of shock reflection on 
various pressure waves. Besides, it was founded that if 
the strong in-passage shock was included with a 
modified semi-actuator disk approach for an aeroe- 
lastic problem [27], the model could predict the 
inception of supersonic choke flutter and supersonic 
bending flutter successfully. Although this work 
described a different unsteady phenomenon in turbom- 
achinery, after all it told us the importance of including 
the effect of shock waves in cascade passage on 
pressure wave reflections. Therefore, it is necessary to 
consider the effect of both shock loss and reflection on 
various pressure waves in the stability model for 
transonic fan/compressors. In the following section, 
we will deal with how to derive the stability equation 
under this circumstance.  
2.4.1. Matching conditions  
For the determination of matching conditions in 
both leading and trailing edges of cascade, some 
further simplifications and assumptions have to be 
taken. The first thing is that a normal shock wave is 
assumed to be at the leading edge perpendicular to the 
channel-wise direction as shown in Fig. 2. The posi- 
tion of the shock will not be changed with the flow 
variation in our assumption, but its strength depends 
on the Mach number in front of the shock wave. This 
Mach number could be obtained by using the Prandtl- 
Meyer function with the inlet flow Mach number as 
input parameter. The inlet relative supersonic flow 
turns to channel-wise direction through an isentropic 
process, and this transformation just focuses on the 
leading edge without total pressure loss. This assump- 
tion is somewhat like the definition of “unique incid- 
ence”, but the differences are that the mass flow is not 
choked especially when the compressor is approaching 
to the stall line; in addition the shock wave will not 
extend outside the leading edge of rotor. Another 
assumption is that the blade profile loss including the 
loss generated by the interaction of shock and vortex 
flow happens at the trailing edge, so does the 
deviation. So, the matching conditions can be rewritten 
at leading edge and trailing edge in the following way. 
 
Fig. 2  Schematic of a transonic blade row. 
In terms of mass, relative total temperature and 
relative total pressure conservation relations, and the 
continuity of radial velocity, we have four equations to 
be used in the inlet of blade row. 
In the outlet, we also have the relative total pressure 
relation in the form of 
2
1
t t
loss
1 ( )
1 i 2
j
k j jWp p ξ ρωτ
+ ⎡′ ′− = +⎢+ ⎣
 
2
0 0 1
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j j j j j j j j j
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U
ξρ ξ ρ β ⎤′+ + − ⎥⎦
 
(52) 
and the deviation condition of outlet flow angle can be 
written as 
1
2 1tan (tan )
j jGβ β+ =           (53) 
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Besides, according to the continuity of radial velo- 
city, mass, relative temperature conservation relations, 
we have totally five equations in the outlet of blade row. 
It has been seen that the model used different suffix 
to represent the two parts of the passage, “a” corres- 
ponding to subsonic region after the shock, “b”, super- 
sonic region before the shock. In fact, the solutions of 
the unsteady perturbations in each region are obtained 
in the same way as introduced in the last section. By 
using the conservation law, the following conditions 
are used to match the two sets of solutions: matching 
conditions for in-passage shock. 
(1) Mass conservation 
b b 0b b a a 0a a
k k k k k k k kW q W qρ ρ ρ ρ+ = +       (55) 
(2) Momentum conservation 
2 2
b a a a b bp p W Wρ ρ− = −          (56) 
(3) Relative total temperature conservation 
b a
ˆ ˆk kT T′ ′=               (57) 
(4) Continuity of radial velocity 
 b a
k kw w=     (58) 
2.4.2. Stability equation 
Since the number of newly added equations and 
unknowns is equal, the new eigenvalue equations are 
still close except that the dimensions are increased. 
The form of eigenvalue equations is the same as 
Eq. (51). But the equations’ elements, Gmn, and the 
unknowns, Dmn, are different, which are expressed as  
T
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4,1 4,2 4,5
5,2 5,5 5,6 5,9
8,2 8,5 8,6 8,9
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1 1 1 2 2
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⎪⎪⎪⎪⎪⎪⎪⎩
              (59) 
As to fan/compressors with multi-blade rows or 
multi-stages, it is convenient to establish the relevant 
stability equation by using stacking method. 
3. Numerical Method for Solving Stability Equation 
3.1. Winding number integral approach 
It is known that the solution of eigenvalue equation 
like Eq. (51) has been a difficult problem in various 
stability models. Newton-Raphson iteration method is 
widely used to solve such equations, but there is no 
general rule available to determine its physical solution. 
In the present investigation, we have tried to use a new 
kind of approach, i.e., winding number integral ap-
proach, to solve the stability equation like Eq. (51), 
which was never done before for such stability prob-
lem. The essence of this approach is a smart application 
of argument principle and Nyquist stability crite-
rion [28-29]. In fact, Brazier-Smith and Scott [28] firstly 
demonstrated the efficiency of this approach for deter-
mination of the roots of dispersion equations. Ivansson 
and Karasalo [29] added more features to this method to 
promote the reliability and efficiency and applied it to 
research seismo-acoustic wave propagation. It was 
demonstrated that this method has advantages over 
other methods that have been proposed, Newton- 
Raphson iteration methods in particular. However, this 
approach has been focusing on the solution of disper-
sion equations with analytical expression, and has not 
been applied to solving the stability equation like Eq. 
(51). Therefore, we will first make a brief introduction 
to the basic principle and then will present an example 
to demonstrate its success in duct aeroacoustic prob-
lem. On the basis of our findings, the present paper will 
extend this approach to solve the matrix equations for 
the prediction of rotating stall. 
Assert that C is a simple, closed counterclockwise 
contour, and f(z) is a function which is analytic inside 
and on C, except possibly for a finite number of poles 
interior to C, and f(z) has at most a finite number of 
zeros inside C and none on C, then the definition of 
winding number integral is 
1 ( ) d
2 i ( )
n
n
f zS z z
f z
′= π           (60) 
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If n=0, according to argument principle, then 
0 zero pole
1 ( ) d ( ) ( )
2 i ( )
f zS z N f N f
f z
′= = − =π  
1 arg ( )
2 C
f zΔπ             (61) 
where Nzero is the number of zeros and Npole is the 
number of poles of f(z) inside C (including multipli- 
city). 
Let us consider a simpler case for n=1. Assume that 
the number of poles is zero and number of zeros is one, 
which is z0, then the winding number integral is 
 1 0
1 ( ) d
2 i ( )
f zS z z z
f z
′= = π   (62) 
With the two integrals S0 and S1, most dispersion 
equations and eigenvalue equations could be solved 
with splitting of the search region into subregions such 
that each subregion contains no more than one root.  
On the basis of the above statement, consider a fixed 
rectangular region R in the complex z plane where roots 
of an analytic function f(z) are to be found. The first 
step was to compute S0 of the analytic function around 
the boundary of the region R. According to the value of 
S0, an adaptive rectangle halving based on zero counts 
within subrectangles is used. The rectangle halving 
strategy produces a stack of non-overlapping rectangles 
R1, R2, …, Rn, where Rj ⊂ R, j=1, 2, …, n. The union of 
the rectangles in the stack is the subregion of R where 
the zeros have not been located. The second step would 
not stop until S0 was found to be equal to one, then S1 
was computed, which would be the initial approxima-
tion for secant iteration. After this step the computation 
would return to the second step to continue finding the 
other zeros in the rest subregions. The calculation 
would stop if the stack of subregions was empty, oth-
erwise it would repeat the second step. Besides, some 
other techniques like adaptive choice of step size and 
error control can be used to make the approach more 
reliable and highly efficient [29]. 
3.2. An example of application of winding number    
integral approach 
As a demonstration of this approach, a wave propa- 
gation problem of circular duct with liner is taken as an 
example. Consider a circular duct with a non-locally 
reacting liner, the sound propagation would be decided 
by wave equation and boundary conditions. In a 
cylindrical coordinate system, a transcendental com- 
plex equation about radial wave number α could be 
obtained in the form of  
2
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·  (63) 
where η is the effective compliance, the explanation of 
r1 and r2 in Ref. [29]. The relationship between axial 
and radial wave number is  
2
2
1 (1 )( / )
1
x xx
x
Ma Ma kk
k Ma
α− ± − −= −     (64) 
Eq. (63) is the eigenvalue equation that needs to be 
solved very carefully. In this equation, the eigenvalue is 
the radial wave number. 
Several numerical approaches can be employed to 
solve this equation, like Newton-Raphson iteration 
method or Runge-Kutta integral method. The compari-
son between winding number integral approach and 
Runge-Kutta method is shown in Fig. 3. In Fig. 3, the 
x-axis and y-axis correspond to the real and imaginary 
part of k, respectively. As shown in Fig. 3, the results of 
two methods agree with each other exactly except when 
the radial mode number n is 2, where the result of 
Runge-Kutta method has a remarkable deviation. It can 
be verified that the results of Runge-Kutta method is 
wrong, while the results of winding number integral 
method is right. 
 
Fig. 3  Radial mode number of non-locally breacting liner in 
a cylinder duct. 
This example shows that even for the solution of a 
very complicated dispersion equation like Eq. (63), 
winding number integral method could always pre-
cisely obtain the results in a designated region in the 
complex plane, which is also what we really need, es-
pecially for seeking the physical solution of the stabil-
ity equation. That is why we try to extend this tool to 
be suitable for our stability model in matrix form. 
4. Numerical Prediction and Experimental Results 
4.1. Inception prediction of a low speed compressor 
Our first validation of the model is to predict the stall 
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inception of a low speed axial compressor. The charac- 
teristic data and geometry of the compressor are required 
as input to the stall inception model, and all necessary 
data are available in the experiment which was con- 
ducted by Ludwig and Nenni [12]. This compressor has 
constant annular area with a hub-tip ratio of 0.80, and 
stagger angles 40° and 28.2°, chord length 3.7 cm and 
3.3 cm for rotor and stator respectively. In the test, the 
mean axial flow velocity, U0, was held constant at 
18.3 m/s, while rotor speed was continuously variable 
between 500 r/min and approximately 1 700 r/min. Fig. 4 
is the experimental curves from Refs. [10]-[12], which 
will be used in the present model. 
 
Fig. 4  Relative total pressure loss coefficient of rotor of 
J-79 and its derivatives to inlet flow angle. 
Because the experiments were designed to invest- 
tigate whether interference between a rotor and a stator 
has an impact on the inception of rotating stall, there 
were two sets of tests: one was rotor only, the other was a 
rotor-stator stage. In the test, the onset points of rotating 
stall were 1 000 r/min and 1 030 r/min for the rotor only 
and rotor-stator stage, respectively. The prediction given 
by our model is shown in Fig. 5. The x-axis represents 
the rotational speed of the rotor and y-axis represents the 
damping factor of the precursor wave, which has a 
definition rmωI /mU0(ωΙ is the imagiary of ω). There are 
two lines in Fig. 5, which correspond to the two sets of 
tests respectively, and theoretical stall inception occurs 
when the damping factor first goes to zero. The arrows in 
Fig. 5 point to the onset speed in the experiment. It was 
noted that the stall inception happened firstly on the first 
harmonic wave by the experimental observation, so does 
our theoretical prediction. Therefore, only the result for 
the first harmonic wave is shown in Fig. 5. It can be seen 
that both theoretical predictions of rotor-only and 
rotor-stator stage agree very well with experimentally 
observed inception points, and errors are no more than 
10 r/min. 
As for the propagation velocity of the perturbation 
wave for the two cases, the theoretical results are about 
0.6 and 0.4 near the stall point, while the propagation 
 
Fig. 5 Stability prediction of a low speed axial flow 
compressor J-79 (mode number (1,1)). 
velocities of rotating cell are around 0.4 and 0.65 in the 
experiment. 
It seems that theory and experiment do not agree 
with each other well. However, it could be seen that 
the discrepancy between Ludwig’s theory [12] and the 
experiment was larger. His theoretical results were 
around 0.57 and 1.14, respectively. The reason may 
be that the propagation velocity of precursor wave or 
the frequency of the harmonic wave closely relates to 
the flow details except the matching conditions given 
in this model. So, any accurate prediction will require 
more flow details to be included in the stability 
model. 
4.2. Stall inception’s prediction of NASA Rotor 37 at 
70% design rotational speed 
In this section, the inception of rotating stall for a 
high speed compressor is predicted based on a typical 
example, i.e., NASA Stage 37 [40]. The purpose of this 
calculation is to test the ability of the model for high 
speed compressors without considering transonic case. 
So the data at 70% design rotational speed is used as 
the input parameters, and the inlet relative Mach 
number is between 0.8 and 1.0. The details of the 
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geometries and characteristics can be referred to NASA 
report [40]. 
The prediction results take the same form as the last 
section, i.e. propagation speed and damping factor of the 
perturbation frequency. As shown in Fig. 6, there are 
three lines, which represent the three different modes (m, 
n), i.e, (1, 1), (2, 1) and (3, 1), respectively. It is seen 
from Fig. 6(b) that the dimensionless perturbation 
velocity ranges from 0.50 to 0.75 for the three modes. 
The arrow labeled by “E” in Fig. 6(a) points to the 
experimental onset point of rotating stall. The arrow 
labeled by “T” points to the onset point predicted by the 
model. The difference of flow coefficient between theory 
and experiment is about 0.02, while the relative error is 
about 5.4%. It was not known from the experiment 
which mode corresponded to the inception point of 
rotating stall. From our theoretical prediction it seems to 
be the first circumferential mode that goes to neutral 
point in advance in Fig. 6(a), and the other two modes 
are slightly more stable than the first mode. This 
investigation shows that the present model is capable of 
being used to predict the stall inception for high subsonic 
fan/compressors. 
 
Fig. 6  Stability prediction of NASA Rotor 37 at 70% design 
rotational speed (mode number (1,1), (2,1), (3,1)). 
4.3. Stall inception’s prediction of NASA Rotor 37 at 
100% design rotational speed 
The third example is to validate the modified 
semi-actuator model for transonic fan/compressors. The 
chosen object is still NASA Stage 37, but the speed 
moves up to 100% design rotational speed. In this 
situation, the inlet Mach number has been increased to 
a range from 1.2 to 1.4, and then the stage becomes a 
typical transonic compressor. To predict the inception 
of rotating stall, the first thing is to extract experimental 
data for the work [40]. As mentioned previously, some 
simplifications and assumptions have to be taken. For a 
real three-dimensional compressor, the actual flow 
incidence varies with the radius and the inlet relative 
Mach numbers are also different along the span of 
blade. So, in order to make use of the present model, 
the experimental data has to be averaged in the radial 
direction to obtain the relative mean Mach number at 
the inlet. Besides, the Mach number right before the 
in-passage shock is determined by using the 
Prandtl-Meyer function. The Mach number after the 
shock wave is obtained by using the Rankin-Hugniot 
relations, and then the total pressure loss can be known. 
So it has to be pointed out that this procedure and the 
obtained data may just qualitatively reflect some key 
flow features, which inevitably neglect many physical 
details related to complicated transonic flow in cascade 
passage. Fig. 7 is the input data that the present model 
requires, which is obtained from the experimental 
results [40]. Fig. 8 is the predicting result for different 
mode combinations. This result shows that the different 
combinations of the three circumferential mode numbers 
with the first radial mode number is the most sensitive 
modes related to the inception point. In fact, the 
predicted stall inception quite approaches the experim- 
ental data as shown in Fig. 8. The present model includes 
both the effect of both shock loss and reflection on 
various pressure waves. From the predicting results, it 
seems that the main physical features of the stall 
inception for transonic fan/compressors can be captured 
in this way. 
 
· 698 · SUN Xiaofeng et al. / Chinese Journal of Aeronautics 24(2011) 687-700 No.6 
 
 
Fig. 7  Characteristics of rotor of NASA Stage 37 and its 
derivatives to the inlet flow angle at 100% design 
rotational speed. 
 
Fig. 8  Stability prediction of NASA Stage 37 at 100% design 
rotational speed (mode number (1,1), (2,1), (3,1)). 
4.4. Experimental investigations and various compa- 
risons for TA36 Fan 
Some experimental researches have been conducted 
based on a low speed fan designed by ourselves. The 
experimental facility is show in Fig. 9 and the main  
design parameter for TA36 Fan is displayed in Table 1 
and Table 2. 
 
Fig. 9  Schematic of TA36 Fan. 
Table 1  Geometrical parameters for TA36 Fan 
Parameter Rotor Stator 
No. of blades 20 27 
Tip diameter/mm 600 600 
Hub to tip ratio 0.577 0.669 
Tip stagger angle/(°) 45 0 
Table 2  Aerodynamic parameters for TA36 Fan 
Parameter Value Parameter Value 
Mass flow/(kg·s−1) 6.5 Design speed/(r·min−1) 2 900 
Efficiency/% 85 Total pressure ratio 1.022 
Stall margin/% 15.5 Total pressure rise/Pa 2 000 
We have two different ways to obtain the perfor- 
mance parameters for this fan, the first is to use CFD 
method to calculate the characteristic line and total 
pressure loss, etc., the second is to measure all the 
parameters based on the relevant experiment. From 
Fig. 10, it is seen that the results from CFD and 
experimental data have clear differences for each 
performance curves. But the basic tendency is almost 
the same. On the basis of these data, the prediction of 
inception point of the fan is nearly same as shown in 
Fig. 11(a). However it can also be noted that the 
relative propagation speed of the precursor has 
remarkable difference as shown in Fig. 11(b). It is seen 
again that it is quite important to include more flow 
details in the model if one expects the propagation 
speed to be predicted more accurately. Besides, it is 
well known that the calculation of performance of 
fan/compressors is based on steady CFD method or 
other empirical models, and it is extremely difficult to  
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accurately determine the stall margin during design 
stage. Perhaps, we can finish some preliminary stability 
design in this way if the stall inception point can be 
predicted well with the help of the stall inception model 
and the steady flow simulation. Our example only 
shows such possibility for further application. In 
Fig. 10, 
1
p∗  is the inlet stastic pressure, p2 the outlet 
total pressure, M the mass flow. 
 
Fig. 10  Characteristics of TA36 Fan. 
 
 
Fig. 11  Stability prediction of TA36 Fan at 100% design 
speed. 
5. Conclusions 
(1) A transonic compressible stability model for axial 
flow fan/compressors is presented. Based on the 
analysis of the unsteady phenomenon caused by casing 
treatments, the function of casing treatments has been 
modeled by a wall impedance condition which has been 
involved in the stability model through the eigen- 
values and the corresponding eigenfunctions of the 
system. Besides, the effect of shock waves in cascade 
channel on the stability prediction is also considered in 
the present model.  
(2) Various numerical results show that the present 
stability model can give a reasonable prediction to the 
stall inception point for both subsonic and transonic 
fan/compressors. Especially, the present experimental data 
also shows a good agreement with the predicting result by 
use of the input parameters either from the experimental 
measurement or from steady CFD calculation. This means 
that we may carry out the stability design on the basis of 
steady CFD calculation with the help of the stall inception 
model in order to guarantee enough stall margin of 
fan/compressors during design phase.  
(3) As for the effect of casing treatment on the stall 
inception, we will give more theoretical and experi- 
mental results in a separated paper. Besides, the present 
model has not considered the effect of annular domain, 
neglecting the centrifugal affect and radial mean 
velocity. It is also required to include more flow and 
geometrical parameters in the stall inception model for 
any more accurate prediction.  
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